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We discuss the topological invariant in the (2+1)-dimensional quench dynamics of a two-dimensional two-
band Chern insulator starting from a topological initial state (i.e., with a nonzero Chern number ci), evolved
by a post-quench Hamiltonian (with Chern number c f ). This process is classified by the torus homotopy group
τ3(S 2). In contrast to the process with ci = 0 studied in previous works, this process cannot be characterized
by the Hopf invariant that is described by the sphere homotopy group pi3(S 2) = Z. It is possible, however, to
calculate a variant of the Chern-Simons integral with a complementary part to cancel the Chern number of the
initial spin configuration, which at the same time does not affect the (2+1)-dimensional topology. We show that
the modified Chern-Simons integral gives rise to a topological invariant of this quench process, i.e., the linking
invariant in the Z2ci class: ν = (c f − ci) mod (2ci). We give concrete examples to illustrate this result and also
show the detailed deduction to get this linking invariant.
I. INTRODUCTION
Two-dimensional (2D) two-band Chern insulators have
been among the most basic and active research subjects
in condensed matter physics. In a seminal work by Hal-
dane [1], he proposed a 2D two-band model describing spin-
less fermions hopping on a hexagonal lattice in the presence
of a staggered magnetic field. This system features an integer-
valued topological number—the Chern number [2], which
gives rise to quantized Hall response. With the increasing
controllability of ultracold atoms as powerful quantum simu-
lators, the Haldane model [1], and its close cousin—the quan-
tum anomalous Hall model on a square lattice [3], have been
realized in recent ultracold atom experiments [4, 5].
In addition to studying the ground state of the Chern in-
sulator, the ultracold atom system is also suited to investi-
gate out-of-equilibrium properties therein [6–26]; see also re-
lated works on quantum dynamics for one-dimensional sys-
tems [27–31]. In several recent experiments, the Hamburg
group [22, 23] and the PKU-USTC group [24–26] have stud-
ied the quench process of a Chern insulator, starting with a
topologically trivial initial state and evolved by a post-quench
Hamiltonian. As shown in Ref. [11], it is possible to define a
topological invariant—the Hopf invariant, which is an integra-
tion of Chern-Simons density over two-dimensional quasimo-
menta and one-dimensional time—for this (2+1)-dimensional
quench dynamics. It is also proved in Ref. [11] that this dy-
namical Hopf invariant exactly equals the Chern number of
the post-quench Hamiltonian. The geometric essence of the
Hopf invariant is the linking invariance (or, the linking num-
ber), which gives rise to the structure of Hopf fibration in the
quench dynamics [17, 25]. Here, a fiber is a trajectory in
the (2+1)-dimensional quasimomentum-time space T 3 whose
spin vector points to a given direction on the Bloch sphere
S 2. The linking invariance tells how many times that any two
fibers are linked. And it has been extracted experimentally
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by identifying the fibers for the North and South Poles of S 2
experimentally [23–25].
Almost all of the aforementioned studies on the quench dy-
namics of Chern insulators focus on the quench process start-
ing with a topologically trivial initial state. A natural question
then arises: What is the topological invariant for the quench
dynamics starting with a topological initial state? Surpris-
ingly, it turns out that this question has been addressed more
than three decades ago by Wilczek and Zee in a different con-
text [32]. They have studied the motion of a two-dimensional
Skyrmion (with Chern number ci = −1) evolved in a con-
stant magnetic field (with Chern number c f = 0), and de-
fined the Hopf invariant (ν = 1 as they claim) as the integra-
tion of the Chern-Simons density for the quench dynamics of
the Skyrmionic spin pattern [32]. Indeed, this work inspired
our previous theoretical investigation of the quench dynamics
starting with a topologically trivial initial state [11]. However,
it turns out to be an inappropriate way to define the topologi-
cal invariant for the quench process with a topological initial
state, because both the Chern-Simons density and its integra-
tion are gauge dependent; see Eq. (13) below. Hence, we show
in Eq. (13) that “the Hopf invariant” defined this way is not an
invariant at all. The key problem for identifying the Chern-
Simons integral as a topological invariant is the following:
As the initial state has nonzero Chern number, it puts an ob-
struction to globally define a continuous gauge for the Chern-
Simons density to evaluate the Chern-Simons integral [33].
We notice that, there is a recent work by Ezawa [14], who
has also considered the quench process starting with a topo-
logical initial state. In Ref. [14], the author also makes use
of the Chern-Simons integral as the definition of the topolog-
ical invariant (as in Ref. [32]) for the quench process. Such a
treatment is inappropriate.
Although the Chern-Simons integral fails to be a topologi-
cal invariant describing the quench process with a topological
initial state, we can still make use of a certain variant of it to
extract the genuine (2+1)-dimensional topological invariant,
i.e., the linking invariant, for this quench process. The key of
our recipe is to introduce a complementary part in the two-
dimensional quasimomentum space, as detailed in Sec. III B,
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2to cancel the Chern number of the initial spin configuration.
The magnetic field in this complementary part is chosen to be
either parallel or anti-parallel to the spins therein, and thus the
introduction of this part does not lead to any change of the
(2+1)-dimensional topology: It does not give rise to any non-
trivial linking, and the linking invariant remains intact. As the
Chern number for the initial spin configuration is nullified to
be zero when considering the system with the complementary
part, we can use the Chern-Simons integral to evaluate the
topological invariant in this modified quasimomentum-time
manifold for this quench process.
This paper is organized as follows. In Sec. II, we intro-
duce the quench process that we study, and give the expres-
sion of the topological invariant in this quench process sup-
plemented with concrete examples to validate it. In Sec. III,
we show the details about the calculation of the linking in-
variant for the quench process. We first show why there is a
problem to directly use the Chern-Simons integral to evaluate
the quench from a topological initial state, and then show how
this problem is solved by introducing a complementary part to
nullify the topology of the initial spin configuration. We also
show that the linking invariant is defined only module 2ci. In
Sec. IV, we discuss briefly the experimental feasibility of our
protocol, focusing on the possibility of preparing a topologi-
cal initial state in ultracold quantum gases [34]. We conclude
in Sec. V.
II. MAIN RESULTS WITH EXAMPLES
A. Quench dynamics for a 2D two-band model
We work on a general two-band tight-binding model in two
dimensions with the following form:
H(k) = 1
2
H(k) · σ, (1)
where k = (kx, ky) is the quasimomentum, and σ =
(σx, σy, σz) is the vector of Pauli matrices. The evolution time
t can be rescaled as t → t˜ = |H|t, so that at t˜ = 2pi every
spin returns to its initial position. The rescaling is intended
to make the calculations simple, since the topological clas-
sification does not depend on the energy dispersion as long
as the band gap is non-vanishing. The rescaling of time t is
equivalent to rescaling of the Hamiltonian vector H(k). In the
following, we use h(k) = H(k)/|H(k)| to denote the rescaled
(i.e., normalized) Hamiltonian vector.
We consider a half-filled insulator state |ξ0(k)〉 as the initial
state, which is the ground state of a topological Hamiltonian
with h(k) = hi(k). This state is evolved under another Hamil-
tonian with h(k) = h f (k):
|ξ(k, t)〉 = Ut(k, t) |ξ0(k)〉 , (2)
where
Ut(k, t) = exp
(
− i
2
h f (k) · σt
)
(3)
is the evolution operator. In the expression above, the evolu-
tion time should be understood as the rescaled time t˜ = |H|t,
and the tilde of t˜ has been dropped for simplicity (and without
confusion). The quasimomentum- and time-dependent Bloch
vector is written as
n(k, t) = 〈ξ(k, t)|σ |ξ(k, t)〉 . (4)
Equation (4) forms a natural mapping from a three-torus
(kx, ky, t) ∈ T 3 to a two-sphere S 2 (i.e., the Bloch sphere),
which is generally characterized by the torus homotopy
group τ3(S 2) [35]; more details on this point will be
elaborated below. The two-sphere could be parametrized
by the spherical coordinate (θ, φ): n = (nx, ny, nz) =
(sin θ cos φ, sin θ sin φ, cos θ). For one point on S 2, its inverse
image is a one-dimensional manifold (which is generally not
contractible) in T 3.
B. Topological invariant in the quench dynamics: Z2ci linking
number
In contrast to the Hopf mapping of pi3(S 2) = Z, which
describes the dynamical process of the system with nearly-
polarized trivial initial spin configuration [11], we find out
that the quench process with a topological initial spin con-
figuration is classified by a doublet (ci; ν), where ν ∈ Z2ci is
the linking invariant. The expression for ν is as follows:
ν = (c f − ci) mod (2ci), (5)
where ci is the Chern number of the initial spin configura-
tion, and c f is the Chern number of the post-quench Hamilto-
nian. Note that, in mathematics this process is classified by the
torus homotopy group τ3(S 2) [35]. The torus homotopy group
τ3(S 2) could be characterized by a quadruplet (cx, cy, ci; ν),
where (cx, cy, ci) are the Chern numbers of the three 2-
dimensional tori {Tyt(k(0)x , ky, t),Txt(kx, k(0)y , t),Txy(kx, ky, t(0))},
and ν is the Pontryagin invariant [36]. In the notation for the
tori, e.g., Tyt(k
(0)
x , ky, t), the kx index takes a given constant
value k(0)x , while the variable ky takes value in the first Bril-
louin zone and t ∈ [0, 2pi). Such two-dimensional tori are
different sections of T 3. The Pontryagin invariant ν satisfies
the following equivalence relationship [36]:
ν′ ≡ ν mod 2gcd(cx, cy, ci), (6)
where the function gcd evaluates the greatest common divisor
of its variables (which are integers). It could be shown that, in
the dynamical quench process with a topologically nontrivial
initial spin configuration, cx = cy = 0 (see Appendix A for de-
tails). We then see that ci = gcd(cx = 0, cy = 0, ci), and Eq. (6)
is consistent with Eq. (5). For the case of ci = 0, this classifi-
cation reduces to ν = c f ∈ Z which is consistent with the re-
sult of Hopf mapping of the conventional (sphere) homotopy
group pi3(S 2) = Z as studied in the previous works [11, 17].
The way to detect the linking invariant ν is by counting the
twisting times (i.e., the linking number) of two loops in T 3,
where each loop is constitute of the preimage of one point
3ky
kx
(a) (b)
(c) (d)
ci = 1 c f = 0
c f = 1 c f = 2
nz (hz )
1
−1
FIG. 1. The distribution of the Bloch vectors ni(k) for the ini-
tial state with Chern number ci = 1 (a), and the vectors of the
post-quench Hamiltonians h f (k) with different Chern numbers c f
(b-d). The squares in the figures represent the first Brillouin zone
{(kx, ky)|kx ∈ [−pi, pi), ky ∈ [−pi, pi)}. The arrows are colored by the z
components nz (or hz) of the corresponding vectors n (or h).
on S 2 and another auxiliary straight lines in the time direc-
tion (these auxiliary lines will be explained later). The clas-
sification above has the following consequences. First, for
the quench processes with same ci but different c f values that
differ by 2ci, the corresponding linking numbers may be the
same [cf. Figs. 2(a) and 2(d) below]. Second, for the same
quench process, the linking number of two loops may differs
by 2ci due to the different choices of complementary parts and
hence, different auxiliary lines [cf. Figs. 2(a) and 2(b) below].
C. Examples
We use some concrete examples to illustrate the result
shown in Eq. (5). In particular, we take the initial state as a
topological ground state of the HamiltonianH(k) = 12 H(k) ·σ
with [3]
Hx(k) = sin(kx),
Hy(k) = sin(ky),
Hz(k) = 2 − M − cos(kx) − cos(ky).
(7)
The Chern number of this Hamiltonian as a function of M is
c(M) =

1, for 0 < M < 2;
−1, for 2 < M < 4;
0, for |M − 2| > 2.
(8)
We take Mi = 1, and thus the Chern number of the initial state
is ci = 1. For this case, the Bloch vector ni(k) = n(k, t = 0) in
the first Brillouin zone is shown in Fig. 1(a).
We consider three types of post-quench Hamiltoni-
ans, whose normalized Hamiltonian vectors are shown in
Figs. 1(b)-1(d). The first one is a topologically trivial Hamil-
tonian with Chern number c f = 0 [Fig. 1(b)]. For this case,
we choose the evolving Hamiltonian with the form of Eq. (7)
with M f = 15.5, but the spin basis is rotated around the x axis
for 90◦ [37]. The second one is an evolving Hamiltonian with
Chern number c f = 1 [Fig. 1(c)]. For this case, we choose the
evolving Hamiltonian with the form of Eq. (7) with M f = 0.5,
but the spin basis is also rotated around the x axis for 90◦.
The third one is a Hamiltonian with Chern number c f = 2
[Fig. 1(d)]. To realize this, we use the post-quench Hamilto-
nianH(k) = 12 H(k) · σ with
Hx(k) = sin(kx),
Hy(k) = sin(2ky),
Hz(k) = 2 − M − cos(kx) − cos(2ky).
(9)
Because of the factor 2 associated with the quasimomentum
ky, the Chern number of this Hamiltonian as a function of M
is doubled compared with Eq. (8):
c(M) =

2, for 0 < M < 2;
−2, for 2 < M < 4;
0, for |M − 2| > 2.
(10)
We take M f = 1 for this post-quench Hamiltonian, and the
corresponding Hamiltonian vector is shown in Fig. 1(d).
Figure 2 shows the preimages of two points on the Bloch
sphere S 2 for the quench processes with the Chern number of
the initial spin configuration ci = 1. It is illustrated from the
figure that by adding an auxiliary straight line to a preimage
loop, the loop forms the boundary of a two-dimensional sur-
face. And then the notion of linking number makes sense. In
Fig. 2, the linking number of c f = 0 is the same as c f = 2,
this is an evidence that the classification of this dynamical pro-
cess for ci = 1 is well defined modulo 2. Fig. 2(a) and Fig.
2(b) are the twisting loops of two different pairs in the same
quench process. The difference of Fig. 2(a) and Fig. 2(b)
is the choice the position of the auxiliary straight line. Their
linking numbers differ by 2.
III. CALCULATION OF THE TOPOLOGICAL
INVARIANT
A. Problem of the Chern-Simons integral with a topological
initial state
We first define a Chern-Simons integral as follows [32, 38]:
ICS =
1
4pi2
∫
BZ
dkxdky
∫ 2pi
0
dtAµJµ, (11)
where the index µ takes values in kx, ky, and t, and Ein-
stein’s summation convention for the indexes is used through-
out. Here, Aµ = −i〈ξ(k, t)|∂µ|ξ(k, t)〉 is the Berry con-
nection, with |ξ(k, t)〉 being the time-dependent Bloch state
|ξ(k, t)〉 = Ut(k)|ξ0(k)〉. Jµ = µνρ∂νAρ is the Berry curva-
ture, where µνρ is the 3-dimensional Levi-Civita symbol. The
integrand of the integral above can be rewritten as AµJµ =
µνρAµ∂νAρ, which takes the form of a Chern-Simons term
(see, e.g., [39]). The domain of integration for the quasimo-
mentum is the first Brillouin zone (BZ for short), which is a
4(a) (b)
(c) (d)
c f = 0c f = 0
c f = 1 c f = 2
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FIG. 2. Extracting the linking numbers for different quench pro-
cesses starting with a topological initial state with ci = 1, evolved by
different post-quench Hamiltonians with c f = 0 (a, b), c f = 1 (c) and
c f = 2 (d). The figures show the preimage loops of two points on the
Bloch sphere with (θ, φ) = (pi/4, pi/5) and (3pi/4, 6pi/5) (the antipodal
point of the former). The straight lines going along the time direction
are the auxiliary lines used to define the linking of two loops. Some
other auxiliary lines in lighter colors are added to make the separated
lines connected (to form closed loops). Such auxiliary lines can can-
cel in pairs because of the periodicity of the torus (note that their
directions are always opposite). The post-quench Hamiltonians are
the same for (a) and (b), and the only difference between them is the
different choice the positions of the auxiliary straight lines along the
time direction. To facilitate the identification of the linking numbers,
we have also made schematic illustrations on the top right of each
figures, which show the circles that are homeomorphic to the corre-
sponding ones in the main figures. The sign of the linking number is
determined by the right-hand rule.
2-torus T 2. And this Chern-Simons integral is defined on the
3-torus T 3 = T 2 × S 1, with S 1 = [0, 2pi). The Berry curvature,
which is also the tangent vector of the preimage loop, could
be simplified in two band systems [3, 32]:
Jµ = 14 
µνρn · (∂νn × ∂ρn). (12)
It is a gauge independent quantity.
For the quench process with ci = 0, the Chern-Simons in-
tegral is a topological invariant, termed as the Hopf invariant,
which equals the Chern number of the post-quench Hamilto-
nian c f [11]. However, for the quench process with ci , 0, it
is no longer valid to identify this integral as a topological in-
variant for the (2 + 1)-dimensional quench dynamics, because
it is a gauge-dependent and, generally, not quantised quantity
for this case. As an example, we reconsider the case that a
Skyrmionic spin pattern (with Chern number ci = 1) rotates
within a constant magnetic field (which can be regarded as a
constant post-quench Hamiltonian with Chern number c f = 0)
as discussed in Ref. [32]. The Chern-Simons integral for this
case is given by (see Appendix B for details)
ICS = −12d · h
f . (13)
Here, h f is the direction of the constant magnetic field and
d is related to the gauge fixing: The gauge is fixed such that
the connection Aµ is discontinuous at n(kx, ky, t) = d, i.e., d
is the direction of the Dirac string. Equation (13) shows that
the Chern-Simons integral depends on the gauge, even for the
constant magnetic field case. In the calculation of [32], the
gauge is (implicitly) chosen as d = −h f so that the integral
in this gauge gives rise to ICS = 12 , which is still not an in-
teger. The failure of getting a topological invariant from the
Chern-Simons integral is rooted in the weak two-dimensional
topology, i.e., the nontrivial initial Chern number ci, in the
(2+1)-dimensional quench process. This nonvanishing ci puts
an obstruction to globally define a continuous gauge for the
Berry connection Aµ (and hence, the Chern-Simons density
AµJµ) to evaluate the Chern-Simons integral [33].
The Chern-Simons integral actually calculates how many
times one loop (which is a one-dimensional curve in T 3 that
map to a particular point on the Bloch sphere S 2) crosses a
surface bounded by another loop. The linking number is also
defined as the times one loop crosses a surface bounded by
another loop. From this point, it seems contradictory for the
ci , 0 case that the linking number should be gauge inde-
pendent but the Chern-Simons integral is gauge dependent.
The key to resolving this apparent contradiction is as follows.
For the case of topologically trivial spin configuration (with
ci = 0), every preimage loop could shrink to one point and
then the surface bounded by this loop is well-defined. How-
ever, in the topological nontrivial case with ci , 0, the preim-
age loops are the loops winding ci times along the time direc-
tion circle. Therefore, a preimage loop fail to shrink to one
point, and then cannot be the boundary of any surface. For
this case, the linking number is not even well defined, which
is consistent with the fact that the Chern-Simons integral is
gauge dependent. Thus we see that the Chern-Simons integral
in its current form can not be identified as the linking number
between topologically nontrivial preimage loops.
B. Chern-Simons integral with a complementary part:
cancelation of the weak 2D topology
Nevertheless, we could still use a variant of the Chern-
Simons integral to obtain the linking number by clinging a
complementary patch to the original Brillouin zone. In or-
der to make the notion of linking number well-defined, we
combine an auxiliary straight line in the time direction with
the original one, so that the two loops together is topologi-
cally trivial in fundamental group: They form the boundary
of a certain surface (cf., Fig. 2). The boundary of this surface
can be viewed as the preimage loop of a point on S 2 in a dy-
namical process with total initial Chern number c(tot)i = 0 (as
elaborated below).
Adding the auxiliary line (as done in Fig. 2) is equivalent
to clinging a complementary patch to the original Brillouin
5(a) (b)
ci = 1
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!c f = −1
ci = −1
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D2
BZ
FIG. 3. Illustration of the operation of clinging a D2 to the Bril-
louin zone (which is a 2-torus denoted as T 2) at a quasimomentum
point s. The arrows indicate the spin directions (n on T 2 and n˜ on
D2). We assume the magnetic field h˜ on the sphere is consistent with
the magnetic field h on the Brillouin zone. We further assume the
magnetic field for the sphere is always pointing out along the normal
vector direction of the sphere, which always gives Chern number
c˜ f = −1. Then (a) shows the case that n(s, t = 0) is parallel to h(s),
and (b) shows the case that n(s, t = 0) is anti-parallel to h(s). In both
cases, the total Chern numbers for the initial spin configurations on
the modified Brillouin zone T˜ 2 = (T 2\s)∪D2 (which is still a 2-torus)
are zero.
zone (see Fig. 3) with a given monopole-like spin (with Chern
number c˜i = −ci) and magnetic field (with Chern number
c˜ f = ±c˜i) configurations on this patch, so that the Chern-
Simons integral of the entire modified Brillouin zone, denoted
as T˜ 2, is related to the Chern-Simons integral of a system
with c(tot)i = ci + c˜i = 0. Since for the c
(tot)
i = 0 system the
Chern-Simons integral is gauge independent, we could use
the Chern-Simons integral for this c(tot)i = 0 system, whose
domain of integration is a modified 3-torus T˜ 3 = T˜ 2 × S 1, to
define the linking invariant ν, which equals exactly the Chern
number of the post-quench Hamiltonian c(tot)f = c f + c˜ f [11].
From this rather abstract argument, we get the linking invari-
ant for the (2+1)-dimensional quench process as
ν = c(tot)f = c f + c˜ f = c f ± c˜i = c f ∓ ci. (14)
In the following, we perform concrete calculation of the
Chern-Simons integral evaluated on the modified domain of
integration T˜ 3 to revalidate Eq. (14). In addition to that, as
will be shown in the next section that the linking invariant
2nci (n is an arbitrary integer) is always topologically trivial,
we then arrive at our main results as shown in Eq. (5).
To simplify the problem, we choose a quasimomentum
point s as the discontinuous point of the Berry connection,
such that h(s) is either parallel or anti-parallel to n(s, t = 0).
For the case ci , c f , it is always possible to find such point;
see, e.g., [30]. On the other hand, for the case ci = c f , 0, the
Brouwer fixed point theorem (see, e.g., [40]) shows that there
exists at least one point such that either n(s, t = 0) · h = 1 or
n(s, t = 0) · h = −1. We then subtract an (infinitesimal) small
disk around this point, which leaves a boundary, and cling a
small D2 (which is a 2-sphere subtracted by one point) with
Skrymion spin configuration to that boundary so that n and h
on the boundary of the small D2 are continuous (see Fig. 3
for an illustration of the clinging operation for the |ci| = 1
case). We can furthermore require that the magnetic field h˜
on D2 is always parallel or antiparallel to the corresponding
spin configuration n˜. By doing so, the preimage of a point on
S 2 around s is always a straight line along the time direction.
With respect to the original Brillouin zone T 2 (without con-
sidering the complementary patch), this “clinging” operation
is equivalent to choosing a fixed gauge such that the Dirac
string is either parallel or anti-parallel to the local magnetic
field. We now proceed to perform concrete calculations.
Assuming that the post-quench Hamiltonian is diagonalized
as
H f = 12VσzV
†, (15)
the Berry connection then takes the following form:
Aµ = −i〈ξ0|Veiσzt/2V†∂µ(Ve−iσzt/2V†|ξ0〉). (16)
Using this definition, the Berry connection could be calculatedAt = −
1
2
〈ξ¯|σz|ξ¯〉 = 12 n¯z,
Ai = −i〈ξ¯|eiσzt/2V†(∂iV)e−iσzt/2|ξ¯〉 + A¯i,
(17)
with i = kx, ky. Here, we denote |ξ¯〉 = V†|ξ0〉 and n¯i = 〈ξ¯|σi|ξ¯〉.
A¯µ = −i〈ξ¯|∂µ|ξ¯〉 and J¯µ = µνρ∂νA¯ρ refer to the Berry
connection and the Berry curvature, respectively, calculated
from |ξ¯〉. The discontinuity of V is chosen to be the same
as |ξ0〉, namely V(kx, ky) and |ξ0(kx, ky)〉 are both discontinu-
ous at s = (sx, sy), and |ξ0(sx, sy)〉 is one of the eigenvector of
V(sx, sy)σzV†(sx, sy).
Then we see thatAi could be separated into two parts: One
is time-independent, and the other is time-dependent. We
write V = (|1〉 |2〉), and the gauge could be chosen so that
〈1|∂i|1〉 = −〈2|∂i|2〉. Then the time independent part of the
Berry connection is
A0i = −i〈1|∂i|1〉〈ξ¯|σz|ξ¯〉 + A¯i, (18)
and the time-dependent part is
Ati = −i〈1|∂i|2〉 exp(−it)〈ξ¯|σ+|ξ¯〉 + c.c., (19)
where c.c. means complex conjugate.
Using these relations, we could calculate the Chern-Simons
integral. In the following part, we calculate the Chern-Simons
integral in the region outside the small D2, then the domain
of integration has a boundary. We denote the domain of inte-
gration for the quasimomentum as M = T 2 \ s, and the Chern
Simons integral is evaluated on the manifold N = M×S 1. The
result is∫
N
d3xAtJt = pi
∫
M
d2xJ ft n¯2z + pi
∮
∂M
n¯2zA f · dx, (20)∫
N
d3x i jAi∂ jAt =pi
∫
M
d2xJ ft n¯2z − pi
∮
∂M
n¯2zA f · dx
− 2pi
∮
∂M
n¯zA¯ · dx,
(21)
∫
N
d3x i jAi∂tA j = −2pi
∫
M
d2xJ ft (n¯2x + n¯2y). (22)
6Here,  i j is the 2-dimensional Levi-Civita symbol. A f and
J f are defined, respectively, as the Berry connection and
Berry curvature of the post-quench Hamiltonian, i.e., A fi =
−i〈1|∂i|1〉 and J ft = ∂xA fy − ∂yA fx .
The Chern Simons integral on the manifold N is
1
4pi2
∫
N
µνρAµ∂νAρ = −ci2 n¯
Dirac
z + c f . (23)
Here, n¯Diracz comes from the integral
∮
∂M n¯zA¯ · dx. Since
the boundary ∂M is an infinitesimal circle surrounding the
Dirac string direction s, n¯z = n¯z(s). In particular, we have
n¯Diracz = ±1 due to the fact that the position s is chosen as
the point such that n(s, t = 0) is parallel or antiparallel to
h(s). When considering the constant-magnetic-field problem
(with ci = 1, c f = 0) as described in the last section, we
find 14pi2
∫
N 
µνρAµ∂νAρ = − 12 cin¯Diracz , which is consistent with
Eq. (13) with ci = 1, n¯Diracz = ±1 (the Dirac string live at the
North or South Poles of S 2) when d = ±h.
According to (23), by changing the domain of integration
from N = (T 2\s)×S 1 to D2×S 1 which share the same bound-
ary, we get the Chern-Simons integral from the complemen-
tary part (by substituting ci → c˜i and c f → c˜ f ) as follows
1
4pi2
∫
D2×S 1
µνρAµ∂νAρ = − c˜i2 n¯
Dirac
z + c˜ f = −
ci
2
n¯Diracz , (24)
where we set c˜i = −ci in order to compensate the Chern num-
ber and c˜ f = c˜in¯Diracz to make the spin configuration and the
evolving Hamiltonian continuous at the clinging point s. Then
the Chern-Simons integral for the whole region T˜ 3 = T˜ 2 × S 1
[where T˜ 2 = (T 2\s) ∪ D2 is the modified Brillouin zone] is
I˜CS =
1
4pi2
∫
T˜ 3
µνρAµ∂νAρ = −cin¯Diracz + c f . (25)
The Chern-Simons integral on T˜ 3 can be identified as the link-
ing invariant ν for the (2+1)-dimensional quench process:
ν = I˜CS = c f ∓ ci, (26)
where n¯Diracz = ±1 has been used in Eq. (25). We thus recover
Eq. (14) as expected.
C. Triviality of linking invariant 2nci
In the last section, we have shown that the linking number
of ν = c f + ci is equivalent to c f − ci. In this section, we
will construct a continuous mapping to show that the linking
number of 2nci is equivalent to the trivial case with no linking,
and, as a consequence, the linking invariant is only defined
module 2ci as shown in Eq. (5).
Since there always exists a wavevector s such that h(s) =
n(s, t = 0) or h(s) = −n(s) as mentioned in the last section,
we continuously deform the spin configuration and magnetic
field configuration around s so that the new quench process is
topologically equivalent to the initial one. The deformation
includes three steps. We suppose as well that n(s, t = 0) =
h(s) points to the South Pole direction of the Bloch sphere.
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FIG. 4. Continuous deformation of the spin configuration ni (a) and
magnetic field h f (b) on the disk. Before the deformation, both ni
(c1) and h f (d1) are uniform on the disk, pointing to the South Pole
direction. After the deformation, ni(r,Φ) is rotated to the direction
ni(r,Φ) = (sin θ(r), 0, cos θ(r)) [with θ(r) given by (a)] (c2), and the
magnitude of h f is increased as |h f (r, φ)| = hz(r) [with hz(r) given by
(b)] (d2). The spin and magnetic field configurations for the attached
D2 in (c2) and (d2) are also deformed to make them continuous at
the clinging point: Compared with (c1) and (d1), the corresponding
vector components are deformed as x → x, y → −y, z → −z on D2.
We see that, the continuous deformations of ni and h f give rise to a
change of linking numbers (for any two preimages of any two points,
except for the North or South poles, on the Bloch sphere S 2) from 0
(e1) to 2nci (which equals 4 for the current case with n = 2 and
ci = 1) (e2).
• Firstly, we subtract an infinitesimal disk around s,
which leaves an edge in the rest manifold, and cling to
the edge a finite disk with spin configuration polarized
in n(s) direction [Fig. 4(c1)] and magnetic field polar-
ized in h(s) direction [Fig. 4(d1)]. The purpose of the
first step is to expand the point s to a disk region.
• Secondly, we deform the spin configuration in the in-
terior of the disk [Figs. 4(a) and 4(c2)]. In this step
we assume that the spin configuration only depends on
the distance r from the center of the disk: ni(r,Φ) =
(sin θ(r), 0, cos θ(r)) [see inset of Fig. 4(a)], where r and
Φ are the polar coordinates for the disk. The typical
form of θ(r) is shown in Fig. 4(a), and the correspond-
7ing spin configuration for a particular Φ is indicated by
the arrows above the θ(r) curve. This assumptions im-
plies that the total Berry curvature over the disk is zero,
because for every point on the circle with the same r, the
spins point to the same direction as shown in Fig. 4(c2).
We require the magnetic field on the disk is along the z
direction and then every point on the Bloch sphere has
preimages in this disk. Assuming that the magnetic field
on the disk is rotationally symmetric with respect to the
center of the disk, the preimages of each point on the
Bloch sphere are certain circles parallel to the (kx, ky)
plane.
• Finally, we deform the magnitude of the magnetic field
and break the requirement of |h f | = 1 at this stage
[Figs. 4(b) and 4(d2)]. In the second step, if the mag-
netic field is constant, namely |h f | = 1, the preimage
loops for each point on the Bloch sphere only appear
once. In order to obtain more than one preimage loop,
we propose to deform the magnitude of the magnetic
field. The deformation of the magnitude of the magnetic
field is shown in Fig. 4(b). The requirement of |h f | = 1
is proposed to make the quench process periodic in the
time direction so that the manifold of (kx, ky, t) is com-
pact. However, when h f is parallel or anti-parallel to
ni, the spin n(kx, ky, t) stays unchanged and is periodic
at t = 2pi under any strength of magnetic field. In the
interior of the disk, the strength of the magnetic field
keeps increasing until the norm of the magnetic field is
an integer n multiple of the norm of magnetic field out-
side this disk, so that the magnetic field of the interior
of the disk makes the evolving of spins with arbitrary
direction periodic at t = 2pi. The resulting magnetic
field configuration with n = 2 after such deformation is
shown in Fig. 4(d2).
These three steps do not change the topological properties
of the quench process, since all the three steps are operated
continuously. As shown in Figs. 4 (e1) and (e2), we see that
the continuous deformation introduces a change of linking
number 2nci (with ci = 1, n = 2 for the current case) for
the preimages of two points on S 2. Thus we see that the link-
ing invariant 2nci is always topologically trivial for the quench
process with initial Chern number ci. Combining this observa-
tion together with the results of Eq. (26), we have then proved
that the topological invariant in the (2+1)-dimensional quench
process is the linking invariant ν = (c f − ci) mod (2ci) as we
have presented in Eq. (5).
IV. EXPERIMENTAL FEASIBILITY
We note that the motivation of our previous studies on the
quench dynamics starting with a trivial initial state [11, 12]
can be partially attributed to the fact that a topological ini-
tial state for the ultracold quantum gases could not be pre-
pared reliably by adiabatically tuning the controlling param-
eter(s), e.g., the mass term M of the quantum anomalous
Hall model in Eq. (7) above, because as we tune it to a crit-
ical value, the spectral gap closes and adiabaticity breaks
down. This problem is resolved in a very recent work [34],
which shows that topological Chern insulator states can also
be prepared adiabatically for ultracold quantum gases by in-
troducing a symmetry-conjugated duplicate of the target sys-
tem. As elaborated in [34], starting from a trivial product
state |c = 0〉S ⊗ |c = 0〉S* for both the system (S) and its
conjugated duplicate (S*) with trivial Chern numbers, by in-
termittently introducing symmetry-breaking couplings, it is
possible to find a gapped path connecting this trivial prod-
uct state |c = 0〉S ⊗ |c = 0〉S* to a nontrivial product state
|c = 1〉S ⊗ |c = −1〉S*. One can then project the decoupled
total system onto the target system S by selectively remov-
ing S* using, e.g., a magnetic field gradient [4], leaving alone
the topological state |c = 1〉S for the target system to perform
further experimental investigations, e.g., to perform quench
dynamics as discussed in the current work. This indicates that
our current protocol to probe the linking invariant of the torus
homotopy group for the quench dynamics in ultracold quan-
tum gases is ready to be implemented with state-of-the-art ex-
periments.
V. CONCLUSION
In conclusion, we have studied the topological invariant
in the quench dynamics of a 2D two-band Chern insulator
with arbitrary initial Chern number ci and post-quench Chern
number c f . The topological invariant is the linking invariant
ν, which is determined by the difference between these two
Chern numbers module 2ci: ν = (c f − ci) mod (2ci). We
have made use of concrete examples to validate this results,
and then performed concrete calculation of the Chern-Simons
integral defined on a modified quasimomentum-time manifold
to evaluate the linking invariant. Provided a suitable prepa-
ration of a topological initial state [34], together with suit-
able Bloch-state tomography [17, 26], the linking structure of
preimage loops as well as the linking invariant from the mod-
ified Chern-Simons integral can be experimentally measured.
They can also be directly measured by certain solid-state sim-
ulators, e.g., the nitrogen-vacancy centers, as described re-
cently [41].
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Appendix A: Chern number of the (t, kx) torus
In this section, we will show that the Chern numbers of the
(t, kx) torus and (t, ky) torus are zero. We take the (kx, t) torus
as an example.
8Due to the fact that the post-quench Hamiltonian is time-
independent, the spin direction has the following relation,
∂tn = h f × n, (A1)
1
T
∫ T
0
dtn = (hi · h f )h f , (A2)
where T = 2pi is the evolving period.
The Berry curvature of the (kx, t) torus is calculated as fol-
lows:
Jy = 12n · (∂xn × ∂tn) = −∂xn · h
f . (A3)
Then we can show that the corresponding Chern number cy
vanishes:
cy = − 14pi
∫
S 1
dxh f ·
∫
S 1
dt∂xn = 0. (A4)
In Eqs. (A3) and (A4), we have made use of the fact that ∂xh f ·
h f = 0 and n · ∂xn = 0, due to the normalization conditions
|h f |2 = 1 and |n|2 = 1.
In the same way, we can also show that cx = 0.
Appendix B: Chern-Simons integral of constant magnetic field
In this section, we will show that the Chern-Simons inte-
gral for a Skyrmion in a constant magnetic field [32] is gauge
dependent.
Since a uniform magnetic field is independent of the quasi-
momentum (kx, ky), it could be proved that the Berry curvature
is independent of t.
Firstly, we see that∫
T 3
d3xJtAt = −pih f ·
∫
d2xJtn = 0. (B1)
This is mainly due to the fact that in a constant magnetic field
Jt is independent of time t, and Jt = 14 n · (∂xn × ∂yn).
Since the Berry connection is irrelevant of time t, we could
choose a gauge so that the Berry connection is also irrelevant
of time: ∂tAi = 0 with i = x, y. We denote the direction of the
Dirac string, which is the singularity of the Berry connection,
as d. Due to the singularity of Berry connection, the integral
is now defined on a manifold with boundary:
4pi2ICS =
∫
T 3\d
d3x i jAi∂ jAt = −2pi2d · h f , (B2)
which depends on the gauge chosen. The right hand side of
Eq. (B2) originates from the boundary term of the integration
by parts.
[1] F. D. M. Haldane, “Model for a Quantum Hall Effect without
Landau Levels: Condensed-Matter Realization of the ’Parity
Anomaly’,” Phys. Rev. Lett. 61, 2015 (1988).
[2] D. J. Thouless, M. Kohmoto, M. P. Nightingale, and M. den
Nijs, “Quantized Hall Conductance in a Two-Dimensional Pe-
riodic Potential,” Phys. Rev. Lett. 49, 405 (1982).
[3] X.-L. Qi, Y.-S. Wu, and S.-C. Zhang, “Topological quantiza-
tion of the spin Hall effect in two-dimensional paramagnetic
semiconductors,” Phys. Rev. B 74, 085308 (2006).
[4] G. Jotzu, M. Messer, R. Desbuquois, M. Lebrat, T. Uehlinger,
D. Greif, and T. Esslinger, “Experimental realization of the
topological Haldane model with ultracold fermions,” Nature
(London) 515, 237 (2014).
[5] Z. Wu, L. Zhang, W. Sun, X.-T. Xu, B.-Z. Wang, S.-C. Ji,
Y. Deng, S. Chen, X.-J. Liu, and J.-W. Pan, “Realization of
two-dimensional spin-orbit coupling for Bose-Einstein conden-
sates,” Science 354, 83 (2016).
[6] M. D. Caio, N. R. Cooper, and M. J. Bhaseen, “Quantum
Quenches in Chern Insulators,” Phys. Rev. Lett. 115, 236403
(2015).
[7] M. D. Caio, N. R. Cooper, and M. J. Bhaseen, “Hall response
and edge current dynamics in Chern insulators out of equilib-
rium,” Phys. Rev. B 94, 155104 (2016).
[8] Y. Hu, P. Zoller, and J. C. Budich, “Dynamical Buildup of a
Quantized Hall Response from Nontopological States,” Phys.
Rev. Lett. 117, 126803 (2016).
[9] F. N. U¨nal, E. J. Mueller, and M. O. Oktel, “Nonequilibrium
fractional Hall response after a topological quench,” Phys. Rev.
A 94, 053604 (2016).
[10] J. H. Wilson, J. C. W. Song, and G. Refael, “Remnant Geomet-
ric Hall Response in a Quantum Quench,” Phys. Rev. Lett. 117,
235302 (2016).
[11] C. Wang, P. Zhang, X. Chen, J. Yu, and H. Zhai, “Scheme
to Measure the Topological Number of a Chern Insulator from
Quench Dynamics,” Phys. Rev. Lett. 118, 185701 (2017).
[12] J. Yu, “Phase vortices of the quenched Haldane model,” Phys.
Rev. A 96, 023601 (2017).
[13] P.-Y. Chang, “Topology and entanglement in quench dynam-
ics,” Phys. Rev. B 97, 224304 (2018).
[14] M. Ezawa, “Topological quantum quench dynamics carrying
arbitrary Hopf and second Chern numbers,” Phys. Rev. B 98,
205406 (2018).
[15] X. Qiu, T.-S. Deng, G.-C. Guo, and W. Yi, “Dynamical topo-
logical invariants and reduced rate functions for dynamical
quantum phase transitions in two dimensions,” Phys. Rev. A
98, 021601(R) (2018).
[16] L. Zhang, L. Zhang, S. Niu, and X.-J. Liu, “Dynamical clas-
sification of topological quantum phases,” Sci. Bull. 63, 1385
(2018).
[17] J. Yu, “Measuring Hopf links and Hopf invariants in a quenched
topological Raman lattice,” Phys. Rev. A 99, 043619 (2019).
[18] L. Zhang, L. Zhang, and X.-J. Liu, “Dynamical detection of
topological charges,” Phys. Rev. A 99, 053606 (2019).
[19] L. Zhang, L. Zhang, Y. Hu, S. Niu, and X.-J. Liu, “Emergent
topology and symmetry-breaking order in correlated quench
dynamics,” arXiv:1903.09144 (2019).
[20] L. Zhang, L. Zhang, and X.-J. Liu, “Characterizing topo-
logical phases by quantum quenches: A general theory,”
9arXiv:1907.08840 (2019).
[21] F. N. U¨nal, A. Eckardt, and R.-J. Slager, “Hopf characterization
of two-dimensional floquet topological insulators,” Phys. Rev.
Research 1, 022003(R) (2019).
[22] N. Fla¨schner, D. Vogel, M. Tarnowski, B. S. Rem, D.-S.
Lu¨hmann, M. Heyl, J. C. Budich, L. Mathey, K. Sengstock,
and C. Weitenberg, “Observation of dynamical vortices after
quenches in a system with topology,” Nat. Phys. 14, 265 (2018).
[23] M. Tarnowski, F. N. U¨nal, N. Fla¨schner, B. S. Rem, A. Eckardt,
K. Sengstock, and C. Weitenberg, “Measuring topology from
dynamics by obtaining the Chern number from a linking num-
ber,” Nat. Commun. 10, 1728 (2019).
[24] W. Sun, C.-R. Yi, B.-Z. Wang, W.-W. Zhang, B. C. Sanders,
X.-T. Xu, Z.-Y. Wang, J. Schmiedmayer, Y. Deng, X.-J. Liu,
S. Chen, and J.-W. Pan, “Uncover topology by quantum quench
dynamics,” Phys. Rev. Lett. 121, 250403 (2018).
[25] C.-R. Yi, J.-L. Yu, W. Sun, X.-T. Xu, S. Chen, and J.-W. Pan,
“Observation of the Hopf Links and Hopf Fibration in a 2D
Topological Raman Lattice,” arXiv:1904.11656 (2019).
[26] C.-R. Yi, L. Zhang, L. Zhang, R.-H. Jiao, X.-C. Cheng,
Z.-Y. Wang, X.-T. Xu, W. Sun, X.-J. Liu, S. Chen,
and J.-W. Pan, “Observing topological charges and dy-
namical bulk-surface correspondence with ultracold atoms,”
arXiv:1905.06478 (2019).
[27] Z. Gong and M. Ueda, “Topological entanglement-spectrum
crossing in quench dynamics,” Phys. Rev. Lett. 121, 250601
(2018).
[28] C. Yang, L. Li, and S. Chen, “Dynamical topological invariant
after a quantum quench,” Phys. Rev. B 97, 060304(R) (2018).
[29] M. McGinley and N. R. Cooper, “Topology of one-dimensional
quantum systems out of equilibrium,” Phys. Rev. Lett. 121,
090401 (2018).
[30] X. Qiu, T.-S. Deng, Y. Hu, P. Xue, and W. Yi, “Fixed points and
dynamic topological phenomena in a parity-time-symmetric
quantum quench,” iScience 20, 392 (2019).
[31] S. Lu and J. Yu, “Stability of entanglement-spectrum crossing
in quench dynamics of one-dimensional gapped free-fermion
systems,” Phys. Rev. A 99, 033621 (2019).
[32] F. Wilczek and A. Zee, “Linking numbers, spin, and statistics
of solitons,” Phys. Rev. Lett. 51, 2250 (1983).
[33] J. C. Y. Teo and C. L. Kane, “Topological defects and gap-
less modes in insulators and superconductors,” Phys. Rev. B 82,
115120 (2010).
[34] S. Barbarino, J. Yu, P. Zoller, and J. C. Budich, “Prepar-
ing Atomic Topological Quantum Matter by Adiabatic Non-
Unitary Dynamics,” arXiv:1910.05354 (2019).
[35] R. H. Fox, “Homotopy groups and torus homotopy groups,”
Ann. Math. 49, 471 (1948).
[36] L. S. Pontryagin, “A classication of mappings of the three-
dimensional complex into the two-dimensional sphere,” Mat.
Sbornik 9, 331 (1941).
[37] We make this basis rotation to increase the difference between
the initial spin configuration and the ground state of the post-
quench Hamiltonian. We note that, it can be implemented ex-
perimentally by imprinting a pi/2 (−pi/2) radio-frequency field
pulse along x direction to the spin states (see, e.g., Ref. [42])
before (after) the quench process.
[38] J. E. Moore, Y. Ran, and X.-G. Wen, “Topological surface
states in three-dimensional magnetic insulators,” Phys. Rev.
Lett. 101, 186805 (2008).
[39] J. Baez and J. P. Muniain, Gauge fields, knots and gravity
(World Scientific Publishing Company, Singapore, 1994).
[40] A. Hatcher, Algebraic Topology (Cambridge University Press,
Cambridge, UK, 2002).
[41] X.-X. Yuan, L. He, S.-T. Wang, D.-L. Deng, F. Wang, W.-
Q. Lian, X. Wang, C.-H. Zhang, H.-L. Zhang, X.-Y. Chang,
and L.-M. Duan, “Observation of Topological Links Associ-
ated with Hopf Insulators in a Solid-State Quantum Simulator,”
Chin. Phys. Lett. 34, 060302 (2017).
[42] J. Zhang, G. Pagano, P. W. Hess, A. Kyprianidis, P. Becker,
H. Kaplan, A. V. Gorshkov, Z. X. Gong, and C. Monroe, “Ob-
servation of a many-body dynamical phase transition with a 53-
qubit quantum simulator,” Nature 551, 601 (2017).
